QUIVER GRASSMANNIANS AND DEGENERATE FLAG 

VARIETIES 



GIOVANNI CERULLI IRELLI, EVGENY FEIGIN, MARKUS REINEKE 



Abstract. Quiver Grassmannians are varieties parametrizing subrepresenta- 
tions of a quiver representation. It is observed that certain quiver Grass- 
mannians for type A quivers are isomorphic to the degenerate flag varieties 
investigated earlier by the second named author. This leads to the consider- 
ation of a class of Grassmannians of subrepresentations of the direct sum of 
a projective and an injective representation of a Dynkin quiver. It is proven 
that these are (typically singular) irreducible normal local complete intersec- 
tion varieties, which admit a group action with finitely many orbits, and a 
cellular decomposition. For type A quivers explicit formulas for the Euler 
characteristic (the median Genocchi numbers) and the Poincare polynomials 
are derived. 



1. Introduction 

1.1. Motivation. Quiver Grassmannians, which are varieties parametrizing sub- 
representations of a quiver representation, first appeared in [TOl [25] in relation to 
questions on generic properties of quiver representations. It was observed in [4] 
that these varieties play an important role in cluster algebra theory [15]; namely, 
the cluster variables can be described in terms of the Euler characteristic of quiver 
Grassmannians. Subsequently, specific classes of quiver Grassmannians (for ex- 
ample, varieties of subrepresentations of exceptional quiver representations) were 
studied by several authors, with the principal aim of computing their Euler charac- 
teristic explicitly; see for example [5j [6j [7] 18] . In recent papers authors noticed that 
also the Poincare polynomials of quiver Grassmannians play an important role in 
the study of quantum cluster algebras jUJ Q] 

This paper originated in the observation that a certain quiver Grassmannians can 
be identified with the sl„-degenerate flag variety of [16j [171 HB]. This leads to 
the consideration of a class of Grassmannians of subrepresentations of the direct 
sum of a projective and an injective representation of a Dynkin quiver. It turns 
out that this class of varieties enjoys many of the favourable properties of quiver 
Grassmannians for exceptional representations. More precisely, they turn out to be 
(typically singular) irreducible normal local complete intersection varieties which 
admit a group action with finitely many orbits and a cellular decomposition. The 
proofs of the basic geometric properties are based on generalizations of the tech- 
niques of |24j , where the case of Grassmannians of subrepresentations of injective 
quiver representations is treated. 

1.2. Main results. Let Q be a quiver with set of vertices Qo of cardinality n and 
finite set of arrows Q\. For a representation M of Q we denote by Mj the space 
in M attached to the i-th vertex, and by M a : Mi — s> Mj the linear map attached 
to an arrow a : i — > j. We also denote by (_, _} the Euler form on ZQq. Given 
a dimension vector e = (ei, . . . , e„) € Z> Qo and a representation M of Q, the 
quiver Grassmannian Gr e (M) C 11™= l Gr ei (Mj) is the subvariety of collections of 
subspaces Vi C Mj subject to the conditions M a Vi C Vj for all a : i — > j € Q\. In 

l 
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this paper we study a certain class of quiver Grassmannians for Dynkin quivers Q. 
Before describing this class, we first consider the following example. 

Let Q be an equioriented quiver of type A n with vertices i = 1, . . . , n and arrows 
i — > i + 1, and let CQ be the path algebra of Q. Then the quiver Grassmannian 
GrdimCQ(CQ © CQ*) is isomorphic to the complete degenerate flag variety 3^ +1 
for G = SL n+ i. Let us recall the definition (see [E],[T7]). Let W be an (n + 1)- 
dimensional vector space with basis wi, . . . , w n +i- Let pr^ : W — > W for k = 
1, . ..,7i+ 1 be the projection operators prk(Y%=i c i w i) — J2i^k c i w i- Then the 
degenerate flag variety consists of collections (Vy , . . . , V n ) with Vi C W and dim V* = 
i, subject to the conditions prk+iVk C Vk+i, k = 1,. ..,n — 1. These varieties are 
irreducible singular algebraic varieties enjoying many nice properties. In particular, 
they are flat degenerations of classical flag varieties SL n+ i/B. Now let us consider 
the representation M of Q such that Mj = and the maps Mi —> Mj+i are given 
by pri_|_i. For example, for n — 3 M has the following coefficient quiver 

• -S- • -5- • 

• -S~ • • 

• • -s- • 

where each dot represents basis vectors Wi , W2 , W3 , W4 from bottom to top and 
arrows represent maps. Note that M is isomorphic to CQ(BCQ* as a representation 
of Q and moreover, we have 

(1.1) K+i - Gr dimCQ (CQ © CQ*). 

Now let Q be a Dynkin quiver. Recall that the path algebra CQ (resp. its linear 
dual CQ*) is isomorphic as a representation of Q to the direct sum of all indecom- 
posable projective representations (resp. all indecomposable injective representa- 
tions). Motivated by the isomorphism (II. lj) we consider the quiver Grassmannians 
Grdim p(P © I), where P and / are projective resp. injective representations of Q. 
(We note that some of our results are valid for more general Grassmannians and 
we discuss it in the main body of the paper. However, in the introduction we re- 
strict ourselves to the above mentioned class of varieties) . We use the isomorphism 
in two different ways. On one hand, we generalize and expand the results 
about 3^ +1 to the case of the above quiver Grassmannians. On the other hand, we 
use general results and constructions from the theory of quiver representations to 
understand better the structure of 3 r f l+1 . Our first theorem is as follows: 

Theorem 1.1. The variety Grdim p (P © I) is of dimension (dim P, dim /) and 

irreducible. It is a normal local complete intersection variety. 

Our next goal is to construct cellular decompositions of the quiver Grassman- 
nians and to compute their Poincare polynomials. Let us consider the following 
stratification of Gr d i m p(P © /). For a point N we set Ni — N n J, N P — ttN, 
where tt : P © / — s> P is the projection. Then for a dimension vector f £ Z>oQo we 
set 

S t = {N e Gr dimP (P®I) : dimiV, = f,dim7V P = dimP f}. 
We have natural surjective maps Cf : St — > Grf (7) x Grdim p-f (P)- 

Theorem 1.2. The map £f is a vector bundle. The fiber over a point (Np,Ni) is 
isomorphic to HomQ(Np, I /Ni) which has dimension (dimP — f , dim/ — f). 

Using this theorem, we construct a cellular decomposition for each stratum Xf 
and thus for the whole variety X as well. Moreover, since the Poincare polynomials 
of Grf (J) and of Gi"di m p-f (-P) can be easily computed, we arrive at a formula for 
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the Poincare polynomial (and thus for the Euler characteristic) of X. Recall (see 
[Hj) that the Euler characteristic of the variety 3^ +1 is given by the normalized 
median Genocchi number h n+ i (see [TTJ [13l [T4J [XSJ [26] ) . Using Theorem 11.21 we 
obtain an explicit formula for h n +i in terms of binomial coefficients. Moreover, we 
give a formula for the Poincare polynomial of 3 r ^ l+1 , providing a natural q- version 

of hn+l- 

Finally we study the action of the group of automorphisms Aut(P © /) on the 
quiver Grassmannians. Let G C Aut(P © I) be the group 

[ Autg(P) 
[ Homg(P,I) Autg(I) 

(we note that G coincides with the whole group of automorphisms unless Q is of 
type A n ). We prove the following theorem: 

Theorem 1.3. The group G acts on Grdi m p(P © I) with finitely many orbits, 
parametrized by pairs of isomorphism classes {[Qp], [Ni]) such thatQp is a quotient 
of P, Nj is a subrepresentation of I, and dim Qp = dim TV/. Moreover, if Q is 
equioriented of type A n , then the orbits are cells parametrized by torus fixed points. 

1.3. Outline of the paper. Our paper is organized as follows: 

In Section [2] we recall general facts about quiver Grassmannians and degenerate 

flag varieties. 

In Section [3] we prove that the quiver Grassmannians Grdi m (P © I) are locally 
complete intersections and that they are flat degenerations of the Grassmannians 
in exceptional representations. 

In Section U] we study the action of the automorphism group on Grdi m (P © I), 
describe the orbits and prove the normality of Grdi m (P © I)- 

In Section [5] we construct a one-dimensional torus action on our quiver Grassman- 
nians such that the attracting sets form a cellular decomposition. 
Sections [5] and [7] are devoted to the case of the equioriented quiver of type A. In 
Section [5] we compute the Poincare polynomials of Grdi m (P©-0 and derive several 
new formulas for the Euler characteristic - the normalized median Genocchi num- 
bers. In Section [7] we prove that the orbits studied in Section [4] are cells coinciding 
with the attracting cells constructed in Section [S] We also describe the connection 
with the degenerate group SL^ +1 . 

2. General facts on quiver Grassmannians and degenerate flag 

varieties 

2.1. General facts on quivers. Let Q be a finite quiver with finite set of vertices 
Qo and finite set of arrows Q±; arrows will be written as (a : i — >• j) £ Q\ for 
hj £ Qo- We assume Q to be without oriented cycles. Denote by ZQ the free 
abelian group generated by Qo, and by NQo the subsemigroup of dimension vectors 
d = (di)i£Q for Q. Let (_, _) be the Euler form on ZQo, defined by 

(d,e) = ^ d i e * ~ X! die 3- 

ieQo (a-.i^j)eQi 

We consider finite dimensional representations M of Q over the complex numbers, 
viewed either as finite dimensional left modules over the path algebra CQ of Q, or as 
tuples M = ((Mi), e g , (M a : Mi — > -Mj )(«:«->-.}) egi) consisting of finite dimensional 
complex vector spaces Mj and linear maps M a . The category rep(Q) of all such 
representations is hereditary (that is, Extg 2 (_, _) = 0). Its Grothendieck group 
-ftT(rep(Q)) is isomorphic to ZQo by identifying the class of a representation M 
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with its dimension vector dim M = (dim Mj)j £ Q € ZQo- The Euler form defined 
above then identifies with the homological Euler form, that is, 

dimHom Q (M,iV) - dimExtg(M, N) = (dim M, dim N) 

for all representations M and N. 

Associated to a vertex i £ Qoj we have the simple representation Si of Q with 
(dim 5^- = Si j (the Kronecker delta), the projective indecomposable Pi, and the 
indecomposable injective Ii. The latter are determined as the projective cover (resp. 
injective envelope) of Si] more explicitly, (Pi)j is the space generated by all paths 
from i to j, and the linear dual of (h)j is the space generated by all paths from j 
to i. 

Given a dimension vector d £ NQoi we nx complex vector spaces Mi of dimension 
(fj for all i £ Qq. We consider the affine space 

MQ) = Home (M h Mj)] 

its points canonically parametrize representations of Q of dimension vector d. The 
reductive algebraic group Gd = IlieQ GL(M,) acts naturally on Rd(Q) via base 
change 

(ffi)i • (M a ) Q = (gjMag^ 1 )^:^), 
such that the orbits Cm for this action naturally correspond to the isomorphism 
classes [M] of representations of Q of dimension vector d. Note that dimGd — 
dimi?d(Q) = (d,d). The stabilizer under Gd of a point M £ Rd(Q) is isomorphic 
to the automorphism group Autg(M) of the corresponding representation, which 
(being open in the endomorphism space Endg(Af)) is a connected algebraic group 
of dimension dimEndg(M). In particular, we get the following formulas: 

(2.1) dim0 M = dimGd - dimEndg(M), coding C> M = dim Extg(M, M). 

2.2. Basic facts on quiver Grassmannians. The constructions and results in 
this section follow [5], [25]. Additionally to the above, fix another dimension vector e 
such that e < d componentwise, and define the Qo-graded Grassmannian Gr e (d) = 
riieQn Gr e( (Mj), which is a projective homogeneous space for Gd of dimension 
SigQ e i{di — Si), namely Gr e (d) ~ Gd/P e for a maximal parabolic P e C Gd- We 
define Gr^(d), the universal Grassmannian of e-dimensional subrcprcscntations of 
d-dimensional representations of Q as the closed subvariety of Gr e (d) x Rd(Q) 
consisting of tuples ((Ui C M i ) i( zQ ,(M a ) a£ Q 1 ) such that M a (Ui) C Uj for all 
arrows (a : i — > j) £ Q\. The group Gd acts on Gr^(d) diagonally, such that the 
projections p\ : Gr^(d) — > Gr e (d) and P2 : Gr^(d) — > Rd(Q) are Gd-equivariant. 
In fact, the projection pi identifies Gr^(d) as the total space of a homogeneous 
bundle over Gr e (d) of rank 

(didj + e»ej - eidj). 

(a-.i-^j)eQi 

Indeed, for a point (Ui)*® in Gr e (d), we can choose complements M, = [/, © Vi 
and identify the fiber of p\ over (Ui)f®^ with 

CHom Q (M i ,M j )j ci? d (Q). 

In particular, the universal Grassmannian Gr^(d) is smooth and irreducible of 
dimension 

dimGr^(d) = ( e , d - e) + dim Ra(Q). 



f Romg^Uj) Hom Q (V t ,U 3 ) 
I Romg^Vj) 
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The projection p 2 is proper, thus its image is a closed Gd-stable subvariety of Ra, 
consisting of representations admitting a subrepresentation of dimension vector e. 

We define the quiver Grassmannian Gr e (M) = p^ (M) as the fibre of p 2 over a 
point M G i?d(Q); by definition, it parametrizes (more precisely, its closed points 
parametrize) e-dimensional subrepresentations of the representation M. 

Remark 2.1. Note that we have to view Gr e (M) as a scheme; in particular, it might 
be non-reduced. For example, if Q is the Kronecker quiver, e the isotropic root, and 
M is a regular indecomposable of dimension vector 2e, the quiver Grassmannian is 
Spec of the ring of dual numbers. 

Recall that a representation M is called exceptional if Extg(M, M) = 0; thus, 
in view of (|2.1[) . its orbit in Rd(Q) is open and dense. 

Proposition 2.2. Let M be an exceptional d- dimensional representation of Q. 
Then Gr e (M) is non-empty i/Extg(iV, L) vanishes for generic N of dimension 
vector e and generic L of dimension vector d — e. In this case, Gr e (M) is smooth of 
dimension (e, d — e), and for all d- dimensional representations N , every irreducible 
component of Gr e (JV) has at least dimension (e, d — e). 

Proof. The criterion for non-emptyness follows from Theorem 3.3]. If Gr e (M) is 
non-empty, p 2 is surjective with Gr e (M) as its generic fibre. In particular, Gr e (M) 
is smooth of dimension (e, d — e). For all other fibres, we obtain at least the desired 
estimate on dimensions of their irreducible components [20l Ch. II, Exercise 3.22 
(b)]. ' □ 

We conclude this section by pointing out an useful isomorphism: let U be a point 
of Gr e (M) and let Tj/(Gr e (M)) denote the tangent space of Gr e (M) at U. As shown 
in [3] we have the following scheme-theoretic description of the tangent space: 

Lemma 2.3. For U G Gr e (M), we have T [/ (Gr e (M)) ~ Rom Q (U, M/U). 

2.3. Quotient construction of (universal) quiver Grassmannians and a 
stratification. We follow [24l Section 3.2]. Additionally to the choices before, fix 
vector spaces Ni of dimension ei for i G Qq. We consider the universal variety 
Homg(e, d) of homomorphisms from an e-dimensional to a d-dimensional repre- 
sentation; explicitly, Homg(e, d) is the set of triples 

(/< : Ni -> Mi) ieQo , (MaJaegJ G R e x [J Hom(A i ,M 4 ) x R d (Q) 

such that fjN a = M a fi for all {a : i — > j) G Q\. This is an afhne variety defined 
by quadratic relations, namely by the vanishing of the individual entries of the 
matrices fjN a — M a fi, on which G e x Gd acts naturally. On the open subset 
Honig(e, d) where all fi : Ni — ¥ Mi are injective maps, the action of G e is free. By 
construction, we have an isomorphism 

Hom^(e,d)/G e ^Gr«(d) 

which associates to the orbit of a triple ((N a ), (fi), (¥„)) the pair given by (fi(Ni) C 
Mi)i£Q , (M a ) Q , e Q 1 ). Indeed, the maps N a are uniquely determined in this situ- 
ation, and they can be reconstructed algebraically from (/j) and (M a ) (see [Ml 
Lemma 3.5]). 

Similarly to Gr^(d), we have a projection p 2 : Homg(e, d) — > Rd(Q) with fibres 
p2 1 (M) = Homg(e,M), and we have a local version of the previous isomorphism 

Hom»(e, M)/G e =p 2 1 (M)/G e ~ Gr e (M). 
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Note that the quotient map Hom.Q(e,M) — > Gi e (M) is locally trivial, since it is 
induced by the quotient map 

Horace, d) - J[ Bom°{Ni,Mi) -> Gr e (d), 

which can be trivialized over the standard open affine coverings of Grassmannians. 
Let p be the projection from Homg(e,M) to R e (Q); its fiber over N is the space 
Homg(7V, M) of injective maps. For each isomorphism class [N] of representations 
of dimension vector e, we can consider the subset S\pn of Gr e (M) corresponding 
under the previous isomorphism to (p _1 (0jv))/G e . It therefore consists of all sub- 
representations U G Gr e (Af) which are isomorphic to N. 

Lemma 2.4. Each iSr/v] is an irreducible locally closed subset of Gr e (M) of dimen- 
sion dim Homg (TV, M) — dim Endg (N) . 

Proof. Irreducibility of Sn*n follows from irreducibility of On by G e -equivariance 
of p. Using the fact that the geometric quotient is closed and separating on te- 
stable subsets, an induction over dimO^ proves that all 5[jy] are locally closed. 
The dimension is calculated as 

dimSfjv] = dimOjv + dimHomg(A^, M) -dimG e . 

□ 

2.4. Degenerate flag varieties. In this subsection we recall the definition of the 
degenerate flag varieties following [16] , [17] , [18] . Let W be an n-dimensional vector 
space with a basis w\, . . . , w n . We denote by pr^ : W — > W the projections along 
Wk to the linear span of the remaining basis vectors, that is, pr^ YIa—i CiWi = 

Definition 2.5. The variety £FJJ is the set of collections of subspaces (Vi G Gri(W))^~i 
subject to the conditions pri + {Vi C l^+i for alH = 1, . . . , n — 2. 

The variety 3^ is called the complete degenerate flag variety. It enjoys the 
following properties: 

• 3^ is a singular irreducible projective algebraic variety of dimension (™) . 

• 3^ is a flat degeneration of the classical complete flag variety SL n /B. 

• 3 r ° is a normal local complete intersection variety. 

• 3^ can be decomposed into a disjoint union of complex cells. 

We add some comments on the last property. The number of cells (which is equal 
to the Euler characteristic of 3^) is given by the n-th normalized median Genocchi 
number h n (see e.g. [17) . section 3 ). These numbers have several definitions; here 
we will use the following one: h n is the number of collections (Si, . . . , S* n _i), where 
Si C {1, . . . , n} subject to the conditions 

#Sj = i, 1 < i < n - 1; Si C S l+1 U {i + 1}, 1 < i < n - 2. 

For n = 1, 2, 3, 4, 5 the numbers h n are equal to 1, 2, 7, 38, 295. 

There exists a degeneration SL® of the group SL n acting on 3^. Namely, the 
degenerate group SX° is the semi-direct product of the Borel subgroup B of SL n 
and a normal abelian subgroup <&a^ n 1 ^ 2 , where G Q is the additive group of the 
field. The simplest way to describe the structure of the semi-direct product is via 
the Lie algebra si™ of SL^- Namely, let b G st n be the Borel subalgebra of upper- 
triangular matrices and n~ be the nilpotent subalgebra of strictly lower-triangular 
matrices. Let (n~) a be the abelian Lie algebra with underlying vector space n~. 
Then n - carries natural structure of b-module induced by the adjoint action on the 
quotient (n~) a ~ sl„/b. Then s[™ = b (n~) a , where (n~) a is abelian ideal and b 
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acts on (n ) a as described above. The group SL® (the Lie group of sl^) acts on 
the variety J° with an open G™^™ 1 ^ 2 -orbit. We note that in contrast with the 
classical situation, the group SL® acts on 3^ with an infinite number of orbits. 

For partial (parabolic) flag varieties of SL n there exists a natural generalization 
of 3"^. Namely, consider an increasing collection 1 < di < ■ ■ ■ < d s < n. In what 
follows we denote such a collection by d. Let 3d be the classical partial flag variety 
consisting of the collections (V^)f =1 , Vi G Gr^W) such that Vi C Vi + \. 

Definition 2.6. The degenerate partial variety 3"^ is the set of collections of sub- 
spaces Vi G Grd^W) subject to the conditions pr^+i ■■■pr c i i+1 Vi C V^+i for all 
i = 1, . . . , s — 1. 

We still have the following properties 

• 3"^ is a singular irreducible projective algebraic variety. 

• 3^ is a flat degeneration of 3d- 

• is a normal local complete intersection variety. 

• SFjJ is acted upon by the group SL® with an open G"^™ _1 ^ 2 -orbit. 

2.5. Comparison between quiver Grassmannians and degenerate flag va- 
rieties. Let Q be an equioriented quiver of type A n . We order the vertices of Q 
from 1 to n in such a way that the arrows of Q are of the form i — > i + 1. Let Pi, 
Ii, i = 1, . . . , n be the projective and injective representations attached to the i-th 
vertex, respectively. In particular, dim Pi = (0, . . . , 0, 1, . . . , 1) with i — 1 zeros and 
dim/i = (1, . . . , 1, 0, . . . , 0) with n — i zeros. 

In what follows we will use the following basis of Pi and Ii. Namely, for each 
j = i, . . . , n we fix non-zero elements Wij S (Pj)i in such a way that Wij i-> Wi+ij. 
Also, for j = we fix non-zero elements w^j+i 6 (Ij)i in such a way that 

Wi.j i-> Wi+ij unless j = i + 1 and u>i.i+i i-> 0. 

Let A be the path algebra CQ. Viewed as a representation of Q, A is isomorphic 
to the direct sum ®" =1 Pi- In particular, dim A = (1,2, ... ,n). The linear dual 
A* is isomorphic to the direct sum of injective representations ®" =1 Ii- 

Proposition 2.7. The quiver Grassmannian Grdi m yi(^4ffi ^4*) is isomorphic to the 
degenerate flag variety 3^ +1 o/sWi- 

Proof. Consider A © A* = ®" =1 (P, © h) as a representation of Q. Let VF,- the the 
space attached to the j-th vertex, that is, A © A* = {W\, . . . , W n ). First, we note 
that dim Wj = n + 1 for all j. Second, we fix an (n + l)-dimensional vector space 
W with a basis wi, . . . , ifn+i- Let us identify all Wj with W by sending iOjj to Wj. 
Then the maps Wj — > Wj+i coincide with prj+\. Now our proposition follows from 
the equality dim ^4 = (1, 2, . . . , n). □ 

The coefficient quiver of the representation A ffi A* is given by (n = 4) : 

(2.2) Wl,5 U>2,5 W 3i5 W 4 ,5 

Wl,4 W2,4 W 3A Wi,i 
Wl,3 ^2,3 W 3i3 ^ W 4j3 
Wl,2 ^2,2 W 3i2 W4,2 
^2,1 ^3,1 Wi,l 

Remark 2.8. We note that the classical SL n+ \ flag variety has a similar realization. 
Namely, let M be the representation of Q isomorphic to the direct sum of n + 1 
copies of Pi (so, dimM = dim(A©A*)). Then the classical flag variety SL n+ i/B 
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is isomorphic to the quiver Grassmannian GrdimA^- The Q-representation M can 
be visualized as (n = 4) 



(2.3) 



• • 

• -5- • 
••->■• 



We can easily generalize Proposition 12 . 71 to degenerate partial flag varieties: 

Suppose we are given a sequence d = (0 = do < d\ < d-i < . . . < d s < d s+ i = n+1). 
Then we define 

/' 0/';' d • /=0if <+i - d< 

i=l i=l 

as representations of an equioriented quiver of type A s . 

Proposition 2.9. The quiver Grassmannian Grdi m p(P © I) is isomorphic to the 
degenerate partial flag variety £FJj of s\ n +\. 

Proof. We note that the dimension vector of P©/ is given by (n + 1, . . . , n + 1) and 
the dimension vector of P equals (di, ■ ■ ■ , d s ). Now let us identify the spaces (P®I)j 
with W as in the proof of Proposition [27?] Then the map (P © I)j ->• (P ® I) J+1 
corresponding to the arrow j — > j + 1 coincides with pr^+i ■ ■ -prd i+1 , which proves 
the proposition. □ 



3. A CLASS OF WELL-BEHAVED QUIVER GRASSMANNIANS 

3.1. Geometric properties. From now on, let Q be a Dynkin quiver. Then 
Gd acts with finitely many orbits on Rd{Q) for every d; in particular, for every 
d £ NQo, there exists a unique (up to isomorphism) exceptional representation of 
this dimension vector. 

The subsets iSr^v] of Section 12.31 then define a finite stratification of each quiver 
Grassmannian Gr e (M) according to isomorphism type of the subrepresentation 
N C M. 

Proposition 3.1. Assume that X and Y are exceptional representations of Q such 
that Ext^(X,Y) = 0. Define M = X ®Y and e = dimX, d = dim {X © Y). 
Then the following holds: 

(i) dimGr e (M) = <e,d-e). 

(ii) The variety Gr e (Af) is reduced, irreducible and rational. 
(hi) Gr e (M) is a locally complete intersection scheme. 

Proof. The representation X obviously embeds into M, thus 

dimGr e (M) > dimS [X ] = dim HoniQ (X, M) - dimEnd Q (X) = dimHom Q (X, Y). 

The tangent space to any point U 6 iSpn has dimension dimHoniQ(X, Y), too, thus 
S[x] is reduced. Moreover, a generic embedding of X into X © Y is of the form 
[idx , /] for a map / G HoniQ (X, Y) , and this identifies an open subset isomorphic 
to Hohiq (X, Y) of S[ X ] , proving rationality of St X ] ■ Now suppose N embeds into 
M = X@Y and dim N = e. Then Ext^(iV, Y) = since VxtUX © Y, Y) = by 
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assumption, and thus dim HomQ(iV, Y) = (e, d — e) = dim HomQ (X, Y). Therefore, 
dim = 

dim HoniQ (N, X) — dim Hom Q (N, N) + dim Hom Q (X, Y) < 

dimHom Q (X,y), 

which proves that dimGr e (M) = dim HomQ (X,Y) = (e,d — e), and that the 
closure of Snn is an irreducible component of Gr e (M). Conversely, suppose that 
an irreducible component C of Gr e (M) is given, then necessarily G is the closure of 
some stratum S[n] , and the dimension of C equals (e, d e) = dim HoniQ (X, Y) by 
Proposition ^. 21 By the above dimension estimate, we conclude dimHoniQ(iV, X) — 
dim Homg (N, N). By [3j Theorem 2.4], this yields an embedding N C X, and 
thus N = X by equality of dimensions. Therefore, Gr e (M) equals the closure 
of the stratum 5pn) thus it is irreducible, reduced and rational. The dimension of 
Homg(e,M) equals (e, d — e)+dimG e , thus its codimension in R e (Q) X Homg(e, d) 
equals 

dimi? e (Q) + eidi — (e, d — e) — dimG e = e^dj. 

i (a-.i-yj)eQi 

But this is exactly the number of equations defining HoniQ(e, M). Thus Honig(e, M) 
is locally a complete intersection. The map Homg(e, M) — > Gr e (M) is locally triv- 
ial with smooth fiber G e , hence the last statement follows. □ 

On a quiver Grassmannian Gr e (Af), the automorphism group AutQ(M) acts 
algebraically. In the present situation, this implies that the group 

Aut Q (X) 
Rom Q (X,Y) Aut Q (y) 



G = 

acts on Gr e (X © Y). 



3.2. Flat degeneration. Now let M be the unique (up to isomorphism) excep- 
tional representation of the same dimension vector as M. By Proposition 12.21 we 
also have dim Gr e (M) = (e, d — e). It is thus reasonable to ask for good properties 
of the degeneration from Gr e (M) to Gr e (M). 

Theorem 3.2. Under the previous hypotheses, the quiver Grassmannian Gr e (M) 
is a fiat degeneration o/Gr e (M). 

Proof. Let Y be the open subset of Rd{Q) consisting of all representations Z whose 
orbit closure Oz contains the orbit Om', in particular, Y contains Ofj. We consider 
the diagram 

Gr e (d) £ Gr«(d) V A R d (Q) 
of the previous section. In particular, we consider the restriction q : Y —> Y of pi 
to Y — p^ (Y). This is a proper morphism (since pi is so) between two smooth 
and irreducible varieties (since they are open subsets of the smooth varieties Rd(Q) 
and Gr^(d), respectively). The general fibre of q is Gr e (M), since the orbit of M, 
being exceptional, is open in Y, and the special fibre of q is Gr e (M), since the 
orbit of M is closed in Y by definition. By semicontinuity, all fibres of q have the 
same dimension (e, d — e). By [211 Corollary to Theorem 23.1], a proper morphism 
between smooth and irreducible varieties with constant fibre dimension is already 
flat. □ 

Remark 3.3. Theorem 13.21 generalizes Proposition 3.15 of [TB] (see also subsections 
12.41 12. 5[) . where the flatness of the degeneration £F n — > 3^ was proved using com- 
plicated combinatorial tools. 
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Note that the degeneration from M to M in Rd(Q) can be realized along a 
one-parameter subgroup of Gd in the following way: 

Lemma 3.4. Under the above hypothesis, there exists a short exact sequence —¥ 
X -> M ->• Y ->• 0. 

Proof. By [351 Theorem 3.3], a generic representation Z of dimension vector d 
admits a subrepresentation of dimension vector e if Extg (N, Q) vanishes for generic 
N of dimension vector e and generic Q of dimension vector d — e. In the present 
case, these generic representations are Z — M, N = X and Q = Y, and the lemma 
follows. □ 

This lemma implies that M can be written, up to isomorphism, in the following 
form 



for all a £ Qi. Conjugating with the one-parameter subgroup 



of Gd and passing to the limit t = 0, we arrive at the desired degeneration. 

Since Q is a Dynkin quiver, the isomorphism classes of indecomposable represen- 
tations of Q are parametrized by the positive roots $ + of the corresponding root 
system. We view <£> + as a subset of NQo by identifying the simple root oti with with 
the vector having 1 at the z-th place and zeros everywhere else. Denote by V a the in- 
decomposable representation corresponding to a € < & + ; more precisely, dimV a = a. 
Using this parametrization of the indecomposables and the Auslander-Reiten quiver 
of Q, we can actually construct M explicitly from X and Y (or, more precisely, from 
their decompositions into indecomposables) , using the algorithm of [231 Section 3] . 



In this section we put X — P and Y = I, where P and I are projective and 
injective representations of a Dynkin quiver Q. We consider the group 



Theorem 4.1. The group G acts on Grdi m p(-P © I) with finitely many orbits, 
parametrized by pairs of isomorphism classes ([Qp], [Ni]) such that Qp is a quotient 
of P, Nj is a subrepresentation of I , and Qp and Nj have the same dimension 
vector. 

Proof. Suppose N is a subrepresentation of P © / of dimension vector dim TV = 
dimP, and denote by t : N —> P © / the embedding. Define N] — N D I and 
N P = N/(N n I). Then N P ~ (N + I) /I embeds into (P © I) /I ~ P, thus N P is 
projective since rep(Q) is hereditary. Therefore, the short exact sequence 



splits. We thus have a retraction r : Np — > N such that N is the direct sum of 
Nj and r(Np), and such that Nj embeds into the component I of P © I under i. 
Without loss of generality, we can thus write the embedding of N into P © I as 




4. The group action and normality 



G = 



Aut Q (P) 
Homg(P,Z) AutgtO 



O^Ni^N^Np^O 



L = 



Lp 
/ 0! 



: N P © Ni -> P © I 
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for Lp (resp. lj) an embedding of Np (resp. Nj) into P (resp. /), and / : Np I. 
Since I is injective, the map / factors through Lp, yielding a map x : P — > I such 
that xip = /. We can then conjugate l with 



1 

-x 1 



€ G. 



We have thus proved that each G-orbit in Grdi mp (P ffi I) contains an embedding 
of the form 

" i P 



ii 



N P ®N!^P®I, 



such that Nj is a subrepresentation of I, the representation Qp = P/Np is a 
quotient of P, and their dimension vectors obviously add up to dim P. We now 
have to show that the isomorphism classes of such Qp and Ni already characterize 
the corresponding G-orbit in Grdi m p(-Pffi-0- To do this, suppose we are given two 
such embeddings 



ip 








Np © Ni -> P © I, 



•p 








N'p © N'j -> P © I 



such that the cokernels Qp and Q' P of bp and l' p , respectively, are isomorphic, and 
such that Ni and Nj are isomorphic. By [241 Lemma 6.3], an arbitrary isomorphism 
ipi : Ni —> Nj lifts to an automorphism ipi of /, such that ipiii = ijipi- By the 
obvious dual version of the same lemma, an arbitrary isomorphism £p : Qp —> Q' P 
lifts to an automorphism (pp of P, which in turn induces an isomorphism ipp : 
Np — > N'p such that ippip = i'pipp. This proves that the two embeddings above 
are conjugate under G. Finally, given representations Qp and iVj as above, we can 
define Np as the kernel of the quotient map and get an embedding as above. □ 

Remark 4.2. We can obtain an explicit parametrization of the orbits as follows: we 
write 

i&Qo i&Qo 



By 



Lemma 4.11 and its obvious dual version, we have: 



A representation Nj embeds into / if and only if dimHoniQ^i, N]) < hi for all 

i e Go, 

a representation Qp is a quotient of P if and only if dimHomQ(Qp, Si) < ai for all 
i e Qo- 

The previous result establishes a finite decomposition of the quiver Grassmanni- 
ans into orbits. In particular the tangent space is cquidimcnsional along every such 
orbit. The following examples shows that in general such orbits are not cells. 

Example 4.3. Let 



Q := 1 ^2- ^4 

be a Dynkin quiver of type D4. The quiver Grassmannian Gr( 12 n)(^3 © Ii) is 
isomorphic to P 1 , with the points and 00 corresponding to two decomposable 
representations, whereas all points in P 1 \ {0,oo}, which is obviously not a cell, 
correspond to subrepresentations which are isomorphic to the indecomposable rep- 
resentation of dimension vector (1211). 
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We note the following generalization of the tautological bundles 
U t = {{U,x) G Gr e (A) xXi : xeUi} 

on Gr e (A): 

Given a projective representation P, the trivial vector bundle HoniQ(P, X) on 
Gr e (X) admits the subbundle 

V P = {{U,a) G Gr e (A) x Hom Q (P,A) : a(P) C U}. 

We then have V P ~ ® ieQo V™ 1 if P ~ ie Q o -P; mi - Dually, given an injective 
representation 7, the trivial vector bundle Hoitiq (X, I) admits the subbundle 

Vi = {{U,f3) G Gr e (A) x Hom Q (X,7) : /3(P) = 0}. 

We then have V/ ~ jeQo (V*) m - if / ~ ® ieQo I?< . 

Given a decomposition of the dimension vector dimP = e = f + g, recall the 
subvariety Sf (P © 7) C Gr e (P © 7) consisting of all representations N such that 
dimiV n 7 = f and dim7r(iV) = g, where tt : P © 7 — > P is the natural projection. 
We have a natural surjective map ( : Grf ig (P©7) — > Gr g (P) x Grf (7). We note that 
since P is projective, all the points of Gr g (P) are isomorphic as representations of 
Q. Also, since 7 is injective, for any two points Mi, A7 2 G Grf (7) the representations 
7/Mi and 7/A7 2 of Q are isomorphic. Therefore, the dimension of the vector space 
Hom Q (iVp, I/Nj) is independent of the points N P G Gr g (P) and Nj G Gr f (7). We 
denote this dimension by D. 

Proposition 4.4. The map ( is a D -dimensional vector bundle (in the Zariski 
topology). 

Proof. Associated to Np and Ni, we have exact sequences 

-> N P -> P -)• Q P -> and -> JV> -)■ 7 -)■ Qj -)• 0. 

These induce the following commutative diagram with exact rows and columns (the 
final zeroes arising from projectivity of Np and injectivity of Qi; we abbreviate 
Hom Q (_,_) by (.,_)): 



1 I 
-)• (Qp,A^/) -)• (Qp,7) 

I I 
-> (P,AT 7 ) ^ (P,7) 

I I 
-»• (JV>,JV» -)• (A P ,7) 

I 


This diagram yields an isomorphism 

Hom Q (Afp,Q 7 ) ~ Hom Q (P,7)/(Hom Q (P, A/) +Hom Q (g P ,7)). 

Pulling back the tautological bundles constructed above via the projections 

Gr g (P) ^ Gr g (P) x Gr f (7) ^ Gr f (7), 

we get subbundles pr^Vp and pr*V/ of the trivial bundle HoniQ(P, 7) on Gr g (P) x 
Grf (7). By the above isomorphism, the quotient bundle 

Hom Q (P,7)/(prtVp + pr;V / ) 

identifies with the fibration £ : 5f(P©7) — > Gr g (P) x Grf (7), proving Zariski local 
triviality of the latter. □ 





I 

-> (Qp,Qi) 
I 

->• {P,Qi) -> 
I 

-»■ (A P ,Qi) 

I 
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The methods established in the two previous proofs now allow us to prove nor- 
mality of the quiver Grassmannians. 

Theorem 4.5. The quiver Grassmannian Gr e (Pffi I) is a normal variety. 

Proof. We already know that Gr e (P © I) is locally a complete intersection, thus 
normality is proved once we know that Gr e (P © I) is regular in codimension 1. 
By the proof of Theorem 14.11 we know that a subrepresentation N of P © I of 
dimension vector dimP is of the form N = Np © Nj, with exact sequences 

such that Nj and Qp are of the same dimension vector f. By the tangent space 
formula, N defines a singular point of Gr e (P © I) if and only if 

Extg(Np © Nj, Qp ® Qi) = Extg(JVj, Qp) 

is non-zero. In particular, singularity of the point N only depends on the iso- 
morphism types of Ni — N n I and Q P = (P © I)/(N + I). Consider the lo- 
cally closed subset Z of Gr e (P © T) consisting of subrepresentations N' such that 
N' n I ~ Ni and (P ® I)/(N' + I) ~ Q P \ thus Z C S t . The vector bundle 
C : Sf — >• Grf (/) x Gr e _f (P) of the previous proposition restricts to a vector bundle 
( : Z — > Zj x Zp, where Zj = Sm T ] C Grf (J) consists of subrepresentations iso- 
morphic to Ni, and Zp C Gr e -f (P) consists of subrepresentations with quotient 
isomorphic to Qp. By the dimension formula for the strata <SrjVj] , the codimension of 
Zi in Grf(7) equals dimExtg(iV/, JVj); dually, the codimension of Zp in Gr e -f(P) 
equals dimExtg((5p, Qp). Since the rank of the bundle C is dimHomg(A r p, Qi), 
we have 

dimGr e (P©7) -dimC _1 (^/ X Z P ) = 
= dimGr e (P©7) -dimHom Q (iVp,Q7) - (dimGr f (7) — dimExtg(iV/,iVj))— 
-(dimGr e -f(P) -dimExt Q (Qp,Q P )) = 
= (e, d)-(e-f, d-f)-(f, d-f)-(e-f, f)+dimExt Q (iVj, iV/)+dimExt Q (Qp, Q P ) = 

= (f,f) +dimExt Q (7V/,iV/) + dimExt Q (Qp,gp) 
for the codimension of Z in Gr e (P © I). Assume that this codimension equals 1. 
Since the Euler form (Q being Dynkin) is positive definite, the summand (f , f } is 
nonnegative. If it equals 0, then f equals 0, and Nj and Qp are just the zero rep- 
resentations, a contradiction to the assumption Extg(7V/, Qp) ^ 0. Thus (f, f) = 1 
and both other summands are zero, thus Nj and Qp are both isomorphic to the 
exceptional representation of dimension vector f . But this implies vanishing of 
Extg(7V/,Qp) and thus nonsingularity of TV. □ 

5. Cell decomposition 

Let Q be a Dynkin quiver, P and I respectively a projective and an injective 
representation of Q. Let M := P © I and let X = Gr e (M) where e = dim P. In 
this section we construct a cellular decomposition of X. 

The indecomposable direct summands of M are either injective or projective. 
In particular they are thin, that is, the vector space at every vertex is at most 
one-dimensional. The set of generators of these one-dimensional spaces form a 
linear basis of M which we denote by B. To each indecomposable summand L of 
M we assign an integer d(L), the degree of L, so that if Homg(£, L') ^ then 
d(L) < d(L') and so that all the degrees are different. In particular the degrees of 
the homogeneous vectors of I are strictly bigger than that ones of P (in case there 
is a projective-injective summand in both P and I we chose the degree of the copy 
in I to be bigger than the degree of the copy in P) . To every vector of L we assign 
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degree d(L). In particular every element v of B has an assigned degree d(v). In 
view of [B] the one-dimensional torus T = C* acts on X as follows: for every v G B 
and every A G T we define 

(5.1) X-v:=X d(v) v. 

This action extends uniquely to an action on M and induces an action on X. The 
T-fixed points are precisely the points of X generated by a part of B, that is, the 
coordinate sub-representations of P © I of dimension vector dim P. 
We denote the (finite) set of T-fixed points of X by X T . 

For every L G X T the torus acts on the tangent space Tl(X) ~ Homg(L, M/L). 
More explicitly, the vector space Hom(L,M/L) has a basis given by elements which 
associate to a basis vector ueLnBa non-zero element v' G M/L n B and such 
element is homogeneous of degree d(v') — d(v) [TU]- We denote by FIoniQ(L, M/L) + 
the vector subspace of HomQ(L, M / L) generated by the basis elements of positive 
degree. 

Since X is projective, for every N G X the limit lim^o A.iV exists and moreover 
it is T-fixed (see e.g. [HI Lemma 2.4.3]). For every L G X T we consider its attracting 
set 

C(L) = \N G X\ lim A • N = L\, 

A^O 

The action (|5.ip on X induces an action on Grf (J) and Gr e _f (P) so that the map 

(5.2) C : St -> Gr f (J) x Gr e _ f (P) 

is T-equi variant. Since both Grf(7) and Gr e _f(P) are smooth (P and I being 
rigid), we apply 2 and we get cellular decompositions into attracting sets 

Grr (I) = U L , eGrf(/) T C(Lj) and Gr g (P) = U ipeGrg(P)T C(L P ) 

and moreover C(Lj) ~ HoniQ(T/, I/Lj) + and C(Lp) ~ HomQ(Lp, P/Lp) + . 

Theorem 5.1. For every L G X T its attracting set is an affine space isomorphic to 
HoniQ(Z/, M / L) + . In particular we get a cellular decomposition X = W L£X T 
Moreover 

(5.3) C(L) = C 1 (C(L I ) x C(L P )) C(Lj) x C(L P ) xHom Q (L P ,J/Lj). 

Proof. The subvariety 5f := C _1 (Grf(I) x Grdi m p-f (P)) is smooth but not pro- 
jective. Nevertheless it enjoys the following property 

(5.4) for all N G S f , lim A • N € S t . 

Indeed let TV be a point of Sf and let w\, ■ ■ ■ ,W\ e \ be a basis of it (here |e| = 
SieQ e i)- ^ e write every u>i in the basis B and we find a vector vi G B which has 
minimal degree in this linear combination and whose coefficient can be assumed to 
be 1. We call Vi the leading term of wt. The sub-representation Nj = N n I is 
generated by those w^s which belong to I while Np — ir(N) ~ N/Nj is generated by 
the remaining ones. The torus action is chosen in such a way that the leading term 
of every uij G Np belongs to P. The limit point L := lim,\->o A • N has v±, ■ ■ ■ , vi e i 
as its basis. The sub-representation Lj = L n / is generated precisely by the v^s 
which are the leading terms of wi G Nj. In particular dim Lj = dim Nj = f and 
hence L G Xf. 

Since the map £ is T-equi variant, (|5.3p follows from (|5.4I) . 

It remains to prove that C(L) ~ Homg(L, M/L) + . This is a consequence of the 
following 

C(L T ) ~ Hom Q (L z ,7/Lj)+, C(L P ) ~ Hom Q (L P , P/T P )+ 



Hom Q (L P , //£/)+ = Hom Q (Lp,//L / ), Hom<j(L 7 , P/Lj)+ = 0, 
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together with the isomorphism (|5.3[) . □ 

The following example shows that for L g X T and N G C(L) it is not true that 
the tangent spaces at N and L have the same dimension. 



Example 5.2. Let 



Q := 1 



be a Dynkin quiver of type D4. For every vertex k G Qq let Pfc and 7% be respec- 
tively the indecomposable projective and injective Q-representation at vertex k. 
Let P := Pi © P 2 © P 3 © P4 and J := 7i © 7 2 © 4 © h- We consider the vari- 
ety Gr( 12 33)(7 © P). We assign degree deg(Pk) := 4 — fc and deg(Ik) ■= 4 + fe for 
fe = 1,2,3,4. We notice that J4 © 73 © 7 2 has an indecomposable sub-representation 
Nj of dimension vector (1211) such that lim.\->o A • Ni = I4 © (0110) := L, where 
(0110) denotes the indecomposable sub-representation of I3 of dimension vector 
(0110). We have 7/7/ ~ 7/A/j ~ 7l © Ji © 7 2 and dimHom Q (AT z , 7/A/j) = 
dimKomQ (Lj, I /Lj) = 3. Let us choose Lp inside P of dimension vector (0022) 
so that L] © Lp G X . We choose Lp ~ P| © P| where P| is a sub-representation 
of Pi © P 3 and P| is in P 1 © P 2 . The quotient P/L P ~ 7 2 © (0110) © P 4 . 
Now dim Extg( AT/, P/Lp) = dim Extg(JV>, P 4 ) = 1 but dim Extg (7,/, P/Lp) = 
dimExtg(l4, (0110)) + dim Extg((0110),P 4 ) = 2. 

6. POINCARE POLYNOMIALS IN TYPE A AND GENOCCHI NUMBERS 

In this section we compute the Poincare polynomials of Grdim p{P © 7) for 
equioriented quiver of type A and derive some combinatorial consequences. 

6.1. Equioriented quiver of type A. For two non-negative integers TV and M 
the g-binomial coefficient (f^) is defined by the formula 



1 



(£), = M qK N-M) q V WW ^ = ^ - *M ^ 

We also set ($) = if JV < M or JV < or M < 0. 

Recall (see Proposition 12. 7p that 3^ +1 is isomorphic to Grdi m p(P © 7), where 
P (resp. 7) is the direct sum of all projective (resp. injective) indecomposable 
representations of Q. According to Proposition 14.41 in order to compute the 
Poincare polynomial of Gr e (P © 7), we only need to compute the Poincare polyno- 
mials of Gr g (P) and Grf (7) for arbitrary dimension vectors g = (gi, . . . , <?„) and 
f = (/1, . . . , f n ). Let us compute these polynomials in a slightly more general set- 
tings. Namely, fix two collections of non- negative integers a\, . . . , a n and b±, . . . , b n 
and set P = 0^^,7 = 0^^. 

Lemma 6.1. 

n 

(6.1) P G r s (P)(q) = II 



fc=l 

n 

(6.2) *W)(<j) = n 

fe=i 

iwi/i £/ie convention go = 0, = 0. 



oi H h a fc - g k _ x 

^ri+l-fe + fn+2- 
fn+l-k 



Proof. We first prove the first formula by induction on n. For n — 1 the formula 
reduces to the well-known formula for the Poincare polynomials of the classical 
Grassmannians. Let n > 1. Consider the map Gr g (P) — > Gr 5l ((P © 7)i). Wc 
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claim that this map is a fibration with the base Gr Sl (C ai ) and a hber isomorphic 
to Gr (g2 _ 9l!93 _ gii ... ;Sn _ 9l) (P 1 lI " ffl 0" =2 P? i ). In fact, an element of Gr g (P) is a 
collection of spaces (Vi, . . . , V n ) such that Vi C (P)j. We note that all the maps in 
P corresponding to the arrows i — > i + 1 are embeddings. Therefore, if one fixes a 
gi-dimensional subspace V\ C Pi, this automatically determines the g\ -dimensional 
subspaces to be contained in V2, . ■ ■ ,V n . This proves the claim. Now formula (I6.ip 
follows by induction. 

In order to prove (|6.2j) . we consider the map 

Gr f (/) -> Gr f » (/*) : N h> G I* \ <p(N) = 0}, 

where I* = Hom c (/, C) and f* = (/*, • • • , f*_ 1 ) = dim/ - f is defined by 

fk= b k + h+i H \-b n -fk- 

Now I* can be identified with ®" =1 P„!i_x-j by acting on the vertices of Q with 
the permutation oj : i i-> n — i for every i = 1, 2, • - • , — 1. We hence have an 
isomorphism 

n 

Gr f (/)^Gr^(0P^). 

»=i 

Substituting in (|6.ip . we obtain (I6.2p . □ 

Theorem 6.2. Lei X — Gr e (i © P) with I and P as above. Then the Poincare 

polynomial of X is given by Px (q) = 

(6.3) 



V „5:r=l9.(^-/.+/.+ i) TJ h 1 + " ' +(lk -9k-l\ J^fbn+l-k + fn+2-k 



9k ~ 9k-l JaZ~i\ fn+l-k 



f+g=e fc=l x " " / <i fc=l 

Proof. Recall the decomposition Gr e (P © I) = UfSf . Each stratum Sf is a total 
space of a vector bundle over Gr g (P) x Grf (I) with fiber over a point (iVp, iVj-) G 
Gr g (P) x Gr f (J) isomorphic to Hom Q (7V P , I/TV/). Since Ext^(A/>, J/iVj) = 0, we 
obtain dimHomQ(7Vp, I/Nj) — (g, dim/ — f). Since Q is the equioriented quiver 
of type A n , we obtain 

n 

(g,dim/-f) =^2gi((H - fi + fi+i). 

i=l 

Now our Theorem follows from formulas (16.11) and (16.21). □ 



/ A' 



Now let dj = bi = 1, i = 1, . . . , n. Then the quiver Grassmannian Grdim p(P®P) 
is isomorphic to 3^ + i- We thus obtain the following corollary. 

Corollary 6.3. The Poincare polynomial of the complete degenerate flag variety 
S^n+i * s equal to 

( 6 .4) rr A + A-A AA + A+i 

/i,...,/„>0 k=l ^ ' 9fe=l ^ 

(roe assume f = f n +i = 0). 

Now fix a collection d = (di, . . . , rf s ) with = do < di < ■ ■ ■ < d s < d s +i = n+1. 
We obtain the following corollary: 

Corollary 6.4. Define Oj = di — di—i, bi = di+i — di. Then formula (|6.3[) gives 
the Poincare polynomial of the partial degenerate flag variety . 

Proof. Follows from Proposition 12.91 □ 
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6.2. The normalized median Genocchi numbers. Recall that the Euler char- 
acteristic of 3^n+i i s equal to the (n + l)-st normalized median Genocchi number 
h n+ i (see [T7] . Proposition 3.1 and Corollary 3.7). In particular, the Poincare 
polynomial (I6.4p provides natural g-deformation h n +i(q). We also arrive at the 
following formula. 

Corollary 6.5. 

(6.5) „„ + ,= y. n( 1+ A" , )n( 1+ A H ) 

/!,...,/„>() fc=l fc=l \ ■<* / 

with /o = / n+ i = 0. 

We note that formula (|6.5|) can be seen as a sum over the set M n+ i of Motzkin 
paths starting at (0,0) and ending at (n + 1,0). Namely, we note that a term in 
(|6TB]) is zero unless f i+ i = fi or = fa + 1 or = - 1 for i = 1, . . . , n 
(recall that fi>0 and /o = f n +i = 0). Therefore the terms in (|6.5p are labeled by 
Motzkin paths (see e.g. [12] )• We can simplify the expression for h n +i. Namely, 
for a Motzkin path f <E M n+ i let Z(f) be the number of "rises" (fi+i = fi + 1) plus 
the number of "falls" (fi+i — fi — 1). Then we obtain 

Corollary 6.6. 

, _ v niui + A) 2 

f£M„ + 1 

We note also that Remark l4. 21 produces one more combinatorial definition of the 
numbers h n +i- Namely, for 1 < i < j < n we denote by Sij the indecomposable 
representation of Q such that 

dim Si,j = (0, . . . , 0, 1, . . . , 1, 0, . . . , 0). 

i—1 j — i+1 

In particular, the simple indecomposable representation Si coincides with Si^. Then 
we have 

{1, if k = j 
' ' dim Homn (Si ,-, Sk) = 

0, otherwise; QK J ; 

Recall (see Theorem I4.1[) that the Euler characteristic of 3^ +1 is equal to the 
number of isomorphism classes of pairs [Qp], [iVj] such that Ni is embedded into 
/ = Ik, Qp is a quotient of P = ©t =1 Pk and dim Nj = dimQp. Let 

v/ e si:/, Qr= © cr- 

1<2<J<?1 l<2<J< n 

Then from Remark 14.21 we obtain the following Proposition. 

Proposition 6.7. T7ie normalized median Genocchi number h n+ \ is equal to the 
number of pairs of collections of non-negative integers (fj.j), (mi,j), 1 < i < j < ft* 
subject to the following conditions for all k = 1, . . . ,n: 

n j 

^2n, k <l, ^m fe!i <l, ^ ri,j ;= m hi- 

k—i k—1 i<k<j i<k<j 

7. Cells and the group action in type A 
In this section we fix Q to be the equioriented quiver of type A n . 



1, if i = k, 
0, otherwise. 
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7.1. Description of the group. Let P = Pi and 7 = (B™ =1 li- As in the 

general case, we consider the group 

[ Autg(P) 

[ Homg(P,7) Autg(7) J ' 

which is a subgroup of Autg(P © 7). 

Remark 7.1. The whole group of automorphisms Autg(P © J) is generated by G 
and exp(Homg(7, P)). We note that Homg(7,P) is a one-dimensional space. In 
fact, Homq(7fc, p) — unless k = n, i = 1 and 7„ — Pi. Thus G "almost" coincides 
with Aut(P©7). 

We now describe G explicitly. 

Lemma 7.2. The groups Autg(P) and Autg(7) are isomorphic to the Borel sub- 
group B n of the Lie group GL n , that is, to the group of non-degenerate upper- 
triangular matrices. 

Proof. For g 6 Aut(P © 7) let <?i be the component acting on (P © 7)j (at the 
vector space corresponding to the z-th vertex). Then the map g i— > <? n gives a 
group isomorphism Autg(P) ~ B n . In fact, Homq(Pfc, p) = if k > i. Otherwise 
(k < I) it is one-dimensional and is completely determined by the n-th component. 
Similarly, the map g t— ¥ g\ gives a group isomorphism Autg(7) ~ B n . □ 

In what follows, we denote Autg(P) by Bp and Autg(J) by P/. 

Proposition 7.3. The group G is isomorphic to the semi-direct product G™^ n+ 2 x 
(Pp x Bj). 

Proof. First, the groups Bp and Pj commute inside G. Second, the group G is 
generated by Bp, Pj and exp(Homg(P, 7)). The group exp(HoniQ(P, 7)) is abelian 

and isomorphic to (the abelian version of the unipotent subgroup of the 

lower-triangular matrices in SL n+ i). In fact, Homg(P,,ij) is trivial if i > j and 
otherwise (i < j) it is one-dimensional. Also, exp(Homg(P, 7)) is normal in G. □ 

We now describe explicitly the structure of the semi-direct product. For this we 
pass to the level of the Lie algebras. So let bp and bi be the Lie algebras of Bp 
and Bi, respectively (bp and bj are isomorphic to the Borel subalgebra of sin). Let 
(n~) a be the abelian n(n+ l)/2-dimensional Lie algebra, that is, the Lie algebra of 
the group <G™^™ +1 ^ 2 - Also, let b be the Borel subalgebra of sl„+i. Recall that the 
degenerate Lie algebra sl° +1 is defined as (n~) a © b, where (n~) a is an abelian ideal 
and the action of b on (n~) a is induced by the adjoint action of b on the quotient 
(n~) a ~ sl„+i/b. Consider the embedding ip : bp — > b, Eij i-> Eij and the 
embedding ij : bj —t b, Eij M> Pj+ij+i. These embeddings define the structures 
of bp and bj modules on (n") a . 

Proposition 7.4. The group G is the Lie group of the Lie algebra (n~) a ©bp©b/, 
where (n~) a is an abelian ideal and the structure of bp © bi-module on (n _ ) a is 
defined by the embeddings ip and ii. 

Proof. The Lie algebra of G is isomorphic to the direct sum EndQ (P) © EndQ (7) © 
HoniQ (P, 7) . Recall that the identification Houlq (P, P) ~ bp is given by a t-> a n 
and the identification Homg(7, 7) ~ b/ is given by a H >• a±, where et^ denotes its i-th 
component for a £ Homg(P © 7, P © 7). Recall (see subsection 12. 5p that (P © 7)i 
is spanned by the vectors u>ij, j = 1, . . . ,n+l and wi t i G (Pi)i> w i,j G (Ij-i)i f° r 
j > 1. Therefore, we have a natural embedding bi C b mapping the matrix unit Pjj 
to Pj + i J+ i. Similarly, (P©7)„ is spanned by the vectors w n ,j, j — 1, ■ ■ ■ , n+ 1 and 
^n,n+i G (7 n ) n , £ (P/) n for j < n + 1, giving the natural embedding bi C b, 
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Eij H> Eij. With such a description it is easy to compute the commutator of an 
element from bp © bj with an element from Homg(P, I) ~ (n~) a . □ 

We now compare G with SLf l+1 . We note that the Lie algebra sl" l+1 and the 
Lie group SLf l+1 have one-dimensional centers. Namely, let 9 be the longest root 
of s[„+i and let eg = Ei >n G b C s( n +i be the corresponding element. Then eg 
commutes with everything in s[° +1 and thus the exponents exp(teg) G iSX^ +1 form 
the center Z. From Proposition 17.41 we obtain the following corollary. 

Corollary 7.5. The group SL^ l+l /Z is embedded into G. 

7.2. Bruhat-type decomposition. The goal of this subsection is to study the 
G-orbits on the degenerate flag varieties. So let d ~ (d\, . . . , d s ) for = do < di < 
• • • < d s < d s+1 = n + 1. 

Lemma 7.6. The group G acts naturally on all degenerate flag varieties 9^. 

Proof. By definition, G acts on the degenerate flag variety 3 r ^ l+1 . We note that 
there exists a map 3^ +1 — > 3j defined by (Vi, . . . , V n ) i-> (V^, . . . , Vd s ). Therefore, 
the G-action on induces a G-action onJJj. □ 

We first work out the case s = 1, that is, the G-action on the classical Grass- 
mannian Grd(n +1). We first recall the cellular decomposition from [17]. The 
cells are labelled by torus fixed points, that is, by collections L = (Zi, . . . , Z^) with 
1 < < - •• < Zrf < n + 1. The corresponding cell is denoted by Cl- Explic- 
itly, the elements of Cl can be described as follows. Let k be a number such 
that Ik < d < lk+i- Recall the basis mi, ... , w n +i of W = C™ +1 . We denote by 
Pl € Gvd+i(n + 1) the linear span of wi t , . . . , wi d . Then a d-dimensional subspace 
V belongs to Cl if and only if it has a basis e%, . . . , eg such that for some constants 
c p , we have 

(7.1) e$ = w t] + ^ c p w p + c p w p for J = !>•••) ^ 

p=l p=d+l 

(7.2) ej = wi j + CpWp for j = k + 1, . . . , d. 

p=d+l 

For example, pl G Gl- 

Lemma 7.7. Pac/i G-orbit on the Grassmannian 3^ contains exactly one torus 
fixed point pl- The orbit G ■ pl coincides with Cl- 

Proof. Follows from the definition of G. □ 

We prove now that the G-orbits in Grdi m p(-P © -0 described in Theorem 14. II are 
cells. Moreover, we prove that this cellular decomposition coincides with the one 
from 17]. Let 



i=l 



We start with the following lemma. 

Lemma 7.8. Let Nj <Z I be a subrepresentation of I. Then there exists a unique 
torus fixed point Nf G GrdimWj {I) such that Nj ~ Nf . Similarly, for Np C P 
there exists a unique torus fixed point Nf G GidimN P (P) such that P/Np ~ P/Np. 



20 



GIOVANNI CERULLI IRELLI, EVGENY FEIGIN, MARKUS REINEKE 



Proof. We prove the first part, the second part can be proved similarly. Recall the 
vectors Wij € (J,-_i)j, i = 1, . . . ,n, j = i + 1, . . . , n + 1 such that tOij h-> w%+i,j if 
j + 1 and u>ij >— >■ if j = i + f . For each indecomposable summand Sk,i of iVj 
we construct a corresponding indecomposable summand of iV^. Namely, we take 
the subrepresentation in of dimension vector 

k-l l-k+1 

Since each // is torus-fixed, our lemma is proved. □ 



Remark 7.9. This lemma is not true in general. Namely, consider the quiver from 
Example 14.31 and let Nj C I3 © I4 be indecomposable Q-module of dimension 
(1, 2, 1, 1). Then for such TV/ the lemma above is false. 

Corollary 7.10. Each G-orbit in Grdi m p(-P © I) contains exactly one torus fixed 
point, and each such point is contained in some orbit. 

Proof. Follows from Theorem 14. II □ 



We note that any torus fixed point in is the product of fixed points in the 
Grassmannians 3^.) , i = 1, ■ ■ . ,s. Therefore any such point is of the form Ylt=i Pi i ■ 
We denote this point by Pl 1 ,....l s - 

Theorem 7.11. The orbit G-p^i is the intersection of the quiver Grassman- 
nian Grdi m p(-P © I) with the product of cells Cjj . 

Proof. First, obviously G • Pli,...,l* C 9^ filial Cr>- Second, since each orbit 
contains exactly one torus fixed point and the intersection on the right hand side 
does not contain other fixed points but Pl 1 ,...,L s i the theorem is proved. □ 

Corollary 7.12. The G-orbits on 9j produce the same cellular decomposition as 
the one constructed in [17] . 

Proof. The cells from [T7] are labeled by collections L 1 , . . . , L s (whenever Pl 1 ,....!, 3 G 
3^) and the corresponding cell C^i i« is given by 

s 

Ci. / : r ;iflll r ' • 

i=l 

□ 



7.3. Cells and one-dimensional torus. In this subsection we show that the cel- 
lular decomposition described above coincides with the one constructed in section 
[5] We describe the case of the complete flag varieties (in the parabolic case every- 
thing works in the same manner). Recall that the action of our torus is given by 
the formulas 

in ca \ jX~ 2 Wi,j, if 3 > i> 

( 7 - 3 ) A ' = I W+n-l • ^ ■ 

I A J+ w i,j, fl 3 S i>- 
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For n = 4 we have the following picture (compare with (|2.2p ): 
(7.4) 



A 7 
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Proposition 7.13. The attracting (A — > 0)-cell of a fixed point p of the one- 
dimensional torus (|7.3p coincides with the G-orbit G - p. 

Proof. First, consider the action of our torus on each Grassmannian Gid((P®I)d)- 
Then formulas (|7.1I) and (|7.2[) say that the attracting cells (A — > 0) coincide with 
the cells Cl- Now Theorem 17.111 implies our proposition. □ 

We note that the one-dimensional torus (|7.3[) does not belong to SLf l+1 (more 
precisely, to the image of SL^ +i in the group of automorphisms of the degenerate 
flag variety). However, it does belong to a one-dimensional extension SL^ +1 x 
C* PBW of the degenerate group (see [17], Remark 1.1). Recall that the extended 
group is the Lie group of the extended Lie algebra ffi Cdpsw, where dpBw 

commutes with the generators Eij 6 5ln+i as follows: [dpBWi = if i < j 
and [dpBw, Eij] = Ei t j if i > j. In particular, the action of the torus < C P bw ~ 
{exp(A<ipBvv), A € C} on Wij is given by the formulas: A • uii.j — Wij if i > j 
and A • Wij = Xwij Hi < j. For example, for n = 4 one has the following picture 
(vectors come equipped with the weights): 



A. 


■*■ A. 


A» 




A. 


->■ A« 


A» 


1« 


A. 


A« 


1« 


— 1. 


A. 


1« 


1« 


1« 


!• 


— u 


— 1# 


— ■ !• 



Proposition 7.14. The one- dimensional torus (|7.3|) sits inside the extended group 

Proof. For any tuple of integers k±, . . . , fc„+i there exists a one-dimensional torus 
fe ^ inside the Cartan subgroup of SL^ +1 which acts on Wij by the formula 

Wij 1 — ^ X hj w it j. Direct check shows that the torus (|7.3p acts as Ct n+l 2n s x 

(CW)-"- 1 ' D 

Acknowledgments 

This work was initiated during the authors stay at the Hausdorff Research Insti- 
tute for Mathematics during the Trimester program " On the Interaction of Repre- 
sentation Theory with Geometry and Combinatorics" . The hospitality and perfect 
working conditions of the Institute are gratefully acknowledged. The work of E. F. 
was partially supported by the RFBR Grant 09-01-00058, by the grant Scientific 



22 



GIOVANNI CERULLI IRELLI, EVGENY FEIGIN, MARKUS REINEKE 



Schools 6501.2010.2 and by the Dynasty Foundation. M. R. would like to thank K. 
Bongartz for helpful discussions. 



References 

1. A. Berenstein and A. Zelevinsky, Quantum cluster algebras, Advances in Math. 195 (2005), 
no. 11, 2369-2380. 

2. A. Bialynicki-Birula, Some theorems on actions of algebraic groups, Ann. of Math. (2) 98 

(1973) , 480-497. MR MR0366940 (51 #3186) 

3. K. Bongartz, On Degenerations and Extensions of Finite Dimensional Modules, Adv. Math. 
121 (1996), 245-287. 

4. P. Caldero and F. Chapoton, Cluster algebras as Hall algebras of quiver representations, 
Comment. Math. Helv. 81 (2006), no. 3, 595-616. MR MR2250855 (2008b:16015) 

5. P. Caldero and M. Reineke, On the quiver Grassmannian in the acyclic case, J. Pure Appl. 
Algebra 212 (2008), no. 11, 2369-2380. MR MR2440252 (2009f:14102) 

6. G. Cerulli Irelli, Quiver Grassmannians associated with string modules, J. Alg. Comb. 
33(2011), no. 2, 259-276. 

7. G. Cerulli Irelli and F. Esposito, Geometry of quiver Grassmannians of Kronecker type and 
applications to cluster algebras, To appear in Algebra and Number Theory (2010). 

8. G. Cerulli Irelli, F. Esposito and G. Dupont, A homological interpretation of the transverse 
quiver Grassmannians, preprint: ArXiv: math/1005.1405. 

9. N. Chriss and V. Ginzburg, Representation Theory and complex geometry, Birkhauser Boston 
Inc. (1997). 

10. W. Crawley-Boevey, Maps between representations of zero-relation algebras, J. Algebra 126 
(2001), no. 2, 259-263, 1989 . 

11. H. Dellac, Problem 1735, L'Intermediaire des Mathematiciens, 7 (1900), 9-10. 

12. R. Donaghey, I.W. Shapiro, Motzkin numbers, Journal of Combinatorial Theory (1977), Series 
A 23 (3), pp. 291301. 

13. D. Dumont, Interpretations combinatoires des nombres de Genocchi, Duke Math. J., 41 

(1974) , 305-318. 

14. D. Dumont and A. Randrianarivony, Derangements et nombres de Genocchi, Discrete Math. 
132 (1994), 37-49. 

15. D. Dumont and J. Zeng, Further results on Euler and Genocchi numbers, Aequationes Math- 
emicae 47 (1994), 31-42. 

16. E. Feigin, G^f degeneration of flag varieties, arXiv: 1007.0646 

17. E. Feigin, Degenerate flag varieties and the median Genocchi numbers, arXiv:1101.1898 

18. E. Feigin and M.Finkelberg, Degenerate flag varieties of type A: Frobenius splitting and BWB 
theorem, larXiv:1103.1491l 

19. S. Fomin and A. Zelevinsky, Cluster algebras I: Foundations, J. Amer. Math. Soc. 15 (2002), 
no. 2, 497-529. 

20. R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52, Springer, 1977. 

21. H. Matsumura, Commutative ring theory, second ed., Cambridge Studies in Advanced Math- 
ematics, vol. 8, Cambridge University Press, Cambridge, 1989, Translated from the Japanese 
by M. Reid. MR 1011461 (90i: 13001) 

22. F. Qin, Quantum Cluster Variables via Serre Polynomials, arXiv: 1004.4171 

23. M. Reineke, Generic extensions and multiplicative bases of quantum groups at q = 0, Repre- 
sent. Theory 5 (2001), 147-163 (electronic). MR 1835003 (2002c:17029) 

24. , Framed quiver moduli, cohomology, and quantum groups, J. Algebra 320 (2008), 

no. 1, 94-115. MR 2417980 (2009d:16021) 

25. A. Schofield, General representations of quivers, Proc. London Math. Soc. (3) 65 (1992), 
no. 1, 46-64. MR MR1162487 (93d:16014) 

26. G. Viennot, Interpretations combinatoires des nombres d'Euler et de Genocchi, Seminar on 
Number Theory, 1981/1982, No. 11, 94 pp., Univ. Bordeaux I, Talence, 1982. 



Giovanni Cerulli Irelli: 
Sapienza Universita di Roma. Piazzale Aldo Moro 5, 00185, Rome (ITALY) 
E-mail address: cerulli.mathOgooglemail.com 



QGDF 



23 



evgeny feigin: 
Department of Mathematics, 

National Research University Higher School of Economics, 

20 Myasnitskaya st, 101000, Moscow, Russia 

and 

Tamm Department of Theoretical Physics, Lebedev Physics Institute 
E-mail address: evgfeig@gmail.com 

Markus Reineke: 

Fachbereich C - Mathematik, Bergische Universitat Wuppertal, D - 42097 Wuppertal 
E-mail address: reineke@math.uni-wuppertal.de 



